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Invited Discussion

Yuexi Wang*

I congratulate the authors on the thought-provoking paper. Their constrained transport
construction offers a principled way to robustify Bayesian inference while retaining an
interpretable centering model, and it also naturally connects to a broader literature in
statistics and machine learning.

In this discussion, we first review the proposed method in that broader literature,
emphasizing its potential relevance beyond the scenarios considered in the paper. We
then discuss two possible extensions: an interpretation of D-BETEL as implicit model
expansion and a possible alternative inside the ANDREW metric through sliced Wasser-
stein comparisons.

1 Distribution Matching as a Unifying Theme

A common theme in many areas of statistics and econometrics is the need to compare
or align distributions, especially in settings with intractable likelihoods, missing data,
or model misspecification. Here we organize the related literature along two axes: the
discrepancy used to measure distributional similarity, and the inferential problem in
which the discrepancy is used.

Along the first axis, the earlier developments begin by comparing selected properties
of distributions, such as moments or other summary statistics chosen by convention or
expert knowledge. While this reduces the dimensionality of the matching problem, per-
formance depends on whether the summaries retain sufficient information relevant to
the target parameter and information loss is often unavoidable. A second generation of
methods resorts to the Kullback-Leibler (KL) divergence or likelihood ratio, since these
quantities connect naturally to full likelihood inference. When exact computation of
KL is infeasible, modern machine-learning methods provide flexible nonparametric al-
ternatives through the classification trick, which approximates the likelihood ratio by a
binary classifier [33]. However, they can become unsuitable when the model and empiri-
cal distribution have different supports, such as when comparing a discrete distribution
to a continuous one. This has motivated the adoption of Wasserstein distances and
related integral probability metrics (IPMs) such as the energy distance and maximum
mean discrepancy (MMD), which are less sensitive to support mismatch and often more
stable for empirical comparisons. These developments are at the heart of the current
work.

Along the second axis, analogous progressions have unfolded across several research
areas, summarized in Table 1. In semiparametric inference, the development has pro-
ceeded from generalized method of moments (GMM, [13]) and empirical likelihood (EL,
[24]), to KL-based exponentially tilted empirical likelihood (ETEL, [31]), to minimum
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Wasserstein estimators [3]. In causal inference, especially in observational studies, bal-
ancing the pre-treatment covariate distribution for different treatment groups is often
essential for recovering causal estimates such as the average treatment effect. Methods
have evolved from inverse probability weighting (IPW, [14]), to doubly robust estima-
tors that combine propensity score and outcome models, to more recent Wasserstein-
and energy-distance-based distributional balancing [17, 30]. Similarly, simulation-based
inference, whose core challenge is measuring distributional similarity between simulated
and observed data, has progressed from approximate Bayesian computation (ABC) with
summary statistics [1], through synthetic likelihood [35, 27] and classifier-based KL dis-
crepancies, to Wasserstein and energy distances applied directly to empirical samples.

The paper fits naturally into this progression under the robust inference framework.
Moreover, it proposes a novel computational approach for conducting inference condi-
tional on a Wasserstein neighborhood of the model, which is often either intractable
or computationally prohibitive. With its computational advantage, the proposed metric
can be applied to a wide range of problems where distribution matching is needed, such
as the ones mentioned above.

Table 1: A non-exhaustive list of distribution matching ideas across research areas

Moments or summaries KL-related Wasserstein or [IPM
Robust inference M-estimating equations; Quasi-likelihood [34] Distributionally robust
(frequentist) EL [24, 31] optimization (DRO) [5]
Robust inference Gibbs posterior with Coarsened posterior Constrained transport
(Bayesian) general loss [15, 4]; [20]; Safe Bayes [11] posterior (this paper);
Generalized posterior MMD-based Gibbs
with estimating posterior [7]

equations [8]

Semiparametric GMM [13]; Indirect Information criteria [16] Minimum Wasserstein
estimation inference [10] estimation [3]
Distribution IPW [29]; Covariate Entropy balancing [12] IPM-based balancing
balancing for causal balancing propensity [17]; Characteristic
inference score [14] function distance [30]
Simulation-based ABC with summary Classifier-based Wasserstein ABC [2];
inference statistics [1]; Simulated likelihood ratio [9, 33];  Sliced-Wasserstein

method of moments Neural likelihood/ratio inference; MMD-based

[18]; Synthetic estimation (NLE/NRE) ABC [26]

likelihood [35, 27]; [25, 19]

2 D-BETEL as Implicit Model Expansion

While parametric models are rarely exact, in many applications, the parametric family
Fy is regarded as a working (centering) submodel embedded in a larger semiparamet-
ric model for the true data-generating distribution. This work provides a novel way to
leverage the constrained transport metric to implicitly expand the model family, allow-
ing for a more flexible approximation of the true distribution while retaining enough
structure for tractable inference.
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The authors point out that the population-level target of the distributionally con-
strained model, which defines the likelihood of D-BETEL, can be represented through
an enlargement of Fy as

Qo = argmin{KL(Q|IP) + A" D(F, Q)}.

This objective balances the data-fidelity term KL(Q||P) against the model-proximity
term D(Fy, Q). A related, but more explicit, model expansion is considered in robust
simulation-based inference by Tomaselli et al. [32], with the baseline likelihood multi-
plied by an exponential tilt

fop(x) o fo(x) exp{BTb(x)},
where b(x) = (b1(z), ..., bx(z)) is a vector of fixed functions and fp 3 = fo when 5 = 0.

This comparison suggests two possible directions for future research. First, one could
study whether the constrained-transport construction can be applied to simulation-
based inference problems, providing a data-driven way to expand the model rather
than specifying the form of expansion in advance. Second, one could explore directly
approximating Qo by a flexible tilted family, possibly with nonparametric basis func-
tions, and use this approximation to implement D-BETEL beyond the elliptical mixture
models considered in the paper.

3 Extension to Sliced Wasserstein Distance

Another natural question is whether it is possible to extend the distance metric in D-
BETEL to sliced Wasserstein distance [28, 6] and its variants, which have been widely
used in distribution-matching problems because of their computational efficiency and
fast convergence rates.

Sliced Wasserstein distance The sliced Wasserstein distance (SWD) of order p is de-
fined by averaging one-dimensional Wasserstein distances over all projection directions,

SW2(P,Q) = [5 WP, PeQ) do(c), (1)

where ¢ is the uniform measure on S?!. Since the projection Pe¢ is a linear map,
the projected distribution P¢P is a one-dimensional distribution, and the Wasserstein
distance W),(Pe P, P:Q) can be computed efficiently by sorting the projected samples.

Adopting SWD in defining the misspecification neighborhood Since SWD also sat-
isfies the key ingredients for the metric D in the D-BETEL framework, one can consider
replacing D = Wag with D = SW,, (with appropriate modifications) in the D-BETEL
framework.

A statistical advantage of SW,, over W, in moderate-to-high dimensions is its faster
convergence rate: the plug-in estimator satisfies SW,(P,, P) = O,(n~%/?) [23, 22], in
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contrast to the curse-of-dimensionality rate W, (P, P) = O,(n~'/9) for the full Wasser-
stein distance. This also suggests that the radius € of the misspecification neighborhood
can be calibrated at the parametric rate O(n’l/ 2) for S Wy, while W, suggests a slower
rate O(n~1/?) to achieve the same statistical guarantees. A similar phenomenon is stud-
ied in the context of distributionally robust optimization by Montiel Olea et al. [21].

However, a direct application of SWD in the D-BETEL framework would not fea-
ture the same tractability as the modified W2 metric 1\/,[\7\/'5’131\/[1\/[7Cw since the conve-
nient explicit parameter-space decomposition under the EMM family will not hold for
SWD. Such an extension would require careful modification of SWD to achieve com-
putational tractability while retaining the statistical advantages, such as introducing
an entropy regularization term. Additionally, using SWD would also complicate the
analytical transparency in parameter space.

Adopting SWD for joint tail matching One limitation of the modified W5 distance
is that its expression relies solely on the first- and second-order moments of Fy, which
may not be sufficient to capture the tail behavior. The authors propose ANDREW as
a modification to MW%)EMM’Q to match the quantiles of the marginal distributions, in
order to capture the tail behavior.

This is another place one might consider replacing the matching on the marginals
in ANDREW with matching on the sliced marginals, which would be more flexible in
terms of capturing the joint tail behavior. For example, let ¢,(0,%) denote a bivariate
Student-t distribution with v > 2 degrees of freedom, location zero, and scale matrix
3. Consider

Po = tu(0720)7 p6 = tu(ovzz))’ Yo = |:; §:| 726 = |:_1p lp:| :

These two distributions have the same coordinate-wise marginals and the same trace of
the scale matrix, but their joint tail dependence differs along diagonal directions. In the
D-BETEL setting where the second argument is the weighted empirical measure vy, 4,
the closed-form ANDREW distance depends on the component means, covariance trace,
and coordinate-wise marginal quantiles; hence it might not be able to distinguish pg from
pj in this example. Sliced marginal matching, however, would distinguish them through
projections such as (1,1)/v/2 and (1, —1)/v/2. Therefore, replacing or augmenting the
marginal matching in ANDREW with sliced marginal matching would be more flexible
in terms of capturing joint tail structure while preserving the paper’s idea of using
tractable one-dimensional quantile comparisons.

In summary, we view the constrained transport construction as an important con-
tribution to robust inference. By connecting model-based inference with distributional
matching, the paper opens several promising directions for future work, including more
flexible implicit model expansions and variants based on sliced Wasserstein comparisons.
We look forward to seeing how these ideas develop in broader inferential settings.
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